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1. Introduction
The analysis of Schrödinger operators has been in the focus of many mathematical physicists for almost a century. In
the last decade there has been a lot of interest in properties of Schrödinger operators on Riemannian manifolds (see e.g.
[1,4,16,8,20]). In these works the authors extend several results which are known in the euclidean case to larger classes
of manifolds. One of the most fundamental questions concerning Schrödinger operators is the question of essential self-
adjointness. In the euclidean case very general and in some respect optimal results ensuring essential selfadjointness of
magnetic Schrödinger operators have been derived in the work [15] of Leinfelder and Simader. In contrast to the euclidean
case existing results concerning essential selfadjointness on Riemannian manifolds are still incomplete. In particular the
analogue of the result of Leinfelder and Simader is still missing. The most general result seems to go back to M. Shubin
(see [24]), where he proves essential selfadjointness of semibounded magnetic Schrödinger operators under the assumption
that the magnetic potential is continuously differentiable. This type of result has later been generalized in [1] to operators
of Schrödinger type acting in sections of vector bundles and several further results have been established in [17–19]. In all
these results the ‘magnetic potential’ is assumed to be at least Lipschitz. In this work we prove an extension of the famous
result of Leinfelder and Simader on the essential selfadjointess of magnetic Schrödinger operators in Rn . In the euclidean
case the result of Leinfelder and Simader asserts that essential selfadjointness holds e.g. as long as the potential satisﬁes a
certain lower bound and the coeﬃcients satisfy certain minimal local regularity requirements much weaker than continuous
differentiability. Due to the local character of the regularity requirements on the coeﬃcients it is tempting to believe that
the result carries over without essential changes to general complete Riemannian manifolds. Thus in particular the differ-
entiability of the vector potential, as supposed by Shubin in [24], should not be necessary. A careful look at the original
work of Leinfelder and Simader demonstrates that a sequence of cut-off functions with uniformly bounded derivatives of
ﬁrst and second order plays an important role in their approach. For arbitrary complete Riemannian manifolds it seems to
be unknown whether such a sequence of cut-off functions exists. This technical problem might explain why the analogue of
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we combine ideas of Leinfelder and Simader with an old idea of Chernoff. This will allow us to give a rather transparent
proof of a general result of Povzner–Wienholtz–Simader-type under more or less minimal local requirements. Our result
demonstrates in contrast to the main result of [24] that essential selfadjointness on manifolds holds under conditions which
parallel those of the euclidean case. Moreover, our proof is even more elementary than Shubin’s since we can avoid the
use of a non-trivial result due to Karcher concerning the existence of smooth cut-off functions with uniformly bounded
gradients. Given the work of Leinfelder and Simader our result is not at all surprising, it is much more surprising that only
weaker results can be found in the literature. Let us ﬁnally remark that Shubin’s result was used in [4] in order to derive
continuity properties of functions of the magnetic Schrödinger operator on manifolds of bounded geometry. Our result can
now be used in order to improve this result. But we should point out that the well-known probabilistic approach via the
Feynman–Kac–Itô formula was used by the present author in [14] in order to derive quite sharp results which extend the
results of the papers [2] and [3] from the euclidean setting to the case of manifolds with lower bounded Ricci curvature.
Indeed once the necessary results concerning essential selfadjointness are established, such an extension to more general
manifolds follows closely the approach used in the euclidean case in [2] and [3].
2. The main result
Let (M, g) be a complete Riemannian manifold of dimension n. The metric g induces in a canonical way a measure
μ which in local coordinates is given by dμ(x) = √g dx1 . . .dxn . Denote by TM = (TxM)x∈M and T ∗M = (T ∗x M)x∈M the
tangent and cotangent bundle, respectively. We will work with complex-valued sections of TM and T ∗M and therefore
have to complexify the inner product spaces TxM and T ∗x M in the usual way. The scalar product in TxM and T ∗x M will
be denoted by 〈·,·〉 with induced norm | · |. The Riemannian measure μ induces the Lebesgue spaces Lp(M), Lp(TM) and
Lp(T ∗M) consisting of pth power integrable functions, vectorﬁelds and 1-forms, respectively. By grad and d we will denote
the Riemannian gradient and the exterior derivative, respectively. We will also use the weak adjoint d∗ of the exterior
derivative d. Moreover, we have to introduce the Sobolev space H10(Λ), where Λ ⊂ M is an arbitrary open subset. As
usual H10(Λ) is deﬁned as the closure of C
∞
c (Λ) with respect to the norm ‖ · ‖L2(Λ) + ‖grad · ‖L2(Λ) . Every Riemannian
manifold admits a unique torsion free connection, called the Levi–Civita connection. The Levi–Civita connection is denoted
by ∇ . Moreover we need the Ricci curvature, which we denote by Ric. Recall that Ric is by deﬁnition a smooth section in
T ∗(M) ⊗ T ∗(M) such that for every x ∈ M the bilinear form Ricx on the vector space TxM is symmetric.
We consider the class M(M) of admissible magnetic potentials given by
M(M) = {A ∈ L4loc(T ∗M) ∣∣ d∗A ∈ L2loc(M)}.
Note that in this section M is used differently to Section 3. Assume that for A ∈ M(M) and V ∈ L2loc(M) the quadratic form
q[A, V ]  C∞c (M) : C∞c (M) × C∞c (M) → C,
(ϕ,ψ) →
∫
M
〈dϕ − i Aϕ,dψ − i Aψ〉dμ +
∫
M
Vϕψ dμ
is semibounded. In fact, as every quadratic form semibounded from below becomes non-negative by adding a constant, we
will assume that q[A, V ]  C∞c (M) is non-negative. Then it is closable since it is the form of a semibounded symmetric
operator H˜(A, V ), which on C∞c (M) is deﬁned by
H˜(A, V )ψ = −ψ − 2i〈A,dψ〉 + (id∗A + |A|2 + V )ψ.
The closure of the form q[A, V ]  C∞c (M) will be denoted by q[A, V ] and the uniquely associated selfadjoint operator by
H(A, V ). The operator H(A, V ) is given by
D(H(A, V ))= {u ∈ D(q[A, V ]) ∣∣ ∃v ∈ L2(M) ∀w ∈ D(q[A, V ]): q[A, V ](u,w) = (v,w)L2(M)}
= {u ∈ D(q[A, V ]) ∣∣ ∃v ∈ L2(M) ∀w ∈ C∞c (M): q[A, V ](u,w) = (v,w)L2(M)},
H(A, V )u = v.
Thus H(A, V ) is the Friedrichs extension of H˜(A, V ) and H(A, V )  C∞c (M) = H˜(A, V ). We will also need magnetic
Schrödinger operators, which are deﬁned on open subsets of M and satisfy Dirichlet boundary conditions. Let Λ ⊂ M be an
open subset and assume that the quadratic form qΛ[A, V ]
qΛ[A, V ] : C∞c (Λ) × C∞c (Λ) → C,
(ϕ,ψ) →
∫
〈dϕ − i Aϕ,dψ − i Aψ〉dμ +
∫
Vϕψ dμM M
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called the magnetic Schrödinger operator in Λ satisfying Dirichlet conditions. If Λ = B(o, r) with o ∈ M ﬁxed we also write
Hr(A, V ) instead of HB(o,r)(A, V ).
Recall that the Kato-class K(M) (compare Section E.3 and Deﬁnition 2.1 in [7]) on M consists of all function q : M → R
such that
lim
t→0 supx∈M
t∫
0
∫
M
p(s, x, y)
∣∣q(y)∣∣dμ(y)ds = 0, (2.1)
where p(t, x, y) denotes the heat kernel associated to the Laplacian on the Riemannian manifold M . We deﬁne the local
Kato-class Kloc(M) to consist of all functions q : M → R such that for all compact K ⊂ M 1Kq ∈ K(M). As is shown on p. 57
in [7] Kato-class potentials are inﬁnitesimally −-form bounded. This allows us to deﬁne several quadratic forms using the
KLMN-theorem. Moreover Kato-class potentials preserve several important mapping properties of the free heat semigroup.
Theorem 1. Let (M, g) be an arbitrary complete Riemannian manifold and let A ∈ M(M) and V ∈ L2loc(M) be given. Assume that
V− ∈ Kloc(M) and that for some C ∈ R
∀ϕ ∈ C∞c (M):
∫
M
∣∣(d − i A)ϕ∣∣2 dμ + ∫
M
V |ϕ|2 dμ C‖ϕ‖2L2(M).
Then H(A, V )  C∞c (M) is essentially selfadjoint.
Theorem 1 might be called a result of Povzner–Wienholtz–Simader type, since it asserts that a semibounded Schrödinger
operator is already essentially selfadjoint. The above result is in some respect optimal. Observe e.g. that the formal dif-
ferential operator H(A, V ) maps every smooth function with compact support to an element of L2(M,μ) if and only if
|A|2 ∈ L2loc(M,μ), d∗A ∈ L2loc(M,μ) and V ∈ L2loc(M,μ). Thus the local requirements on A and V+ are minimal.
We want to stress that the same type of condition occurs in a quite different situation. Consider the diffusion operator
D := −+ grad ln F · ∇ =: −+b · ∇ in the case M = Rn . Under some weak conditions on the non-negative function F this
operator D is symmetric in L2(Rn, F (x)dx). In [9] it is shown that the condition |b|2 ∈ L2loc(Rn, F (x)dx) is necessary in order
to have essential selfadjointess of D  C∞c (Rn). In [13] we proved that under some additional assumptions on F this is also
suﬃcient. This indicates that the L4loc-condition in Theorem 1 does not only occur because of the multiplicative term |A|2
but more importantly because of the ﬁrst order term 〈A,dϕ〉. This will also become clear during the proof of Theorem 1.
3. Proof of Theorem 1
We will need the fact that a magnetic potential A ∈ M(M) can be suitably approximated by smooth compactly supported
1-forms. For an open subset Λ ⊂ M and two smooth compactly supported 1-forms α and β deﬁne
lΛ(α,β) =
( ∫
Λ
|α − β|4 dμ
) 1
4
+
( ∫
Λ
∣∣d∗α − d∗β∣∣2 dμ)
1
2
.
Let (Λn)n∈N be an exhaustion of M by bounded open subsets with smooth boundary then we set
l(α,β) =
∞∑
n=1
min
(
1
2n
, lΛn (α,β)
)
.
It is easy to see that l deﬁnes a metric on the space Γcomp(T ∗M) of smooth compactly supported 1-forms. Let M˜(M) be
the completion of Γcomp(T ∗M) with respect to the metric l.
Lemma 1. M(M) = M˜(M).
Proof. Because of the local character of the convergence this is a rather direct consequence of the Friedrichs molliﬁca-
tion. 
The following lemma is a geometric version of the well-known Gagliardo–Nirenberg inequality
∀ϕ ∈ C∞c
(
R
n): ‖gradϕ‖24 n  Cn‖ϕ‖∞‖ϕ‖L2(Rn) (3.1)L (R )
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the inequality
∀ϕ ∈ C∞c
(
R
n): ‖gradϕ‖2L4(Rn)  Cn‖ϕ‖∞
(
n∑
i, j=1
∫
Rn
|∂i jϕ|2 dx
) 1
2
(3.2)
which involves the Hessian of ϕ and then use the elementary equation
n∑
i, j=1
‖∂i jϕ‖2L2(Rn) = ‖ϕ‖2L2(Rn)
in order to derive inequality (3.1). Our proof of the analogue of Eq. (3.2) is a coordinate free version of the one given in [15].
In the proof we use the Einstein summation convention and sum over repeated indices.
Lemma 2. Let ∇dψ denote the Hessian of a smooth function ψ . For all bounded ϕ ∈ D(−) with compact support one has
(1) ‖gradϕ‖24  C‖ϕ‖∞‖∇dϕ‖2 ,
(2) ‖gradϕ‖24  Cϕ‖ϕ‖∞(‖ϕ‖2 + ‖ϕ‖2),
where C depends only on the dimension of M and Cϕ depends only on the lower bound of the Ricci curvature on the support of ϕ .
Proof. It is enough to prove the assertions for real-valued functions. For ϕ ∈ C∞c (M;R) we have∫
M
|gradϕ|4 dμ =
∫
M
〈gradϕ,gradϕ〉〈gradϕ,gradϕ〉dμ
=
∫
M
〈
gradϕ, 〈gradϕ,gradϕ〉gradϕ〉dμ
= −
∫
M
〈gradϕ,gradϕ〉〈divgradϕ〉ϕ dμ −
∫
M
〈
grad |gradϕ|2,gradϕ〉ϕ dμ
= −
∫
M
|gradϕ|2(ϕ)ϕ dμ −
∫
M
〈
grad |gradϕ|2,gradϕ〉ϕ dμ.
Using the deﬁnition of the Hessian ∇dϕ (see [12, Deﬁnition 7.106]) we have
∂l〈gradϕ,gradϕ〉 = 2〈∇∂l gradϕ,gradϕ〉 = 2(∇dϕ)(∂l,gradϕ)
and therefore we conclude that∣∣∣∣
∫
M
〈
grad |gradϕ|2,gradϕ〉ϕ dμ∣∣∣∣= 2
∣∣∣∣
∫
M
〈
gkl∂l|gradϕ|2∂k,gradϕ
〉
ϕ dμ
∣∣∣∣
 2‖ϕ‖∞
∫
M
|∇dϕ||gradϕ|2 dμ
 2‖ϕ‖∞
( ∫
M
|∇dϕ|2 dμ
) 1
2
( ∫
M
|gradϕ|4 dμ
) 1
2
.
Hence we see that∫
M
|gradϕ|4 dμ (√n + 2)‖ϕ‖∞‖gradϕ‖24‖∇dϕ‖2.
By the Bochner–Weitzenböck formula (see e.g. formula (1.1) in [23]) we have for smooth functions with compact support
f ∈ C∞c (M)
1
|grad f |2 − 〈grad f ,grad f 〉 = |∇df |2 + Ric(grad f ,grad f ).2
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M
|grad f |2 dμ = 0
we get after integrating by parts∫
M
|∇df |2 dμ =
∫
M
| f |2 dμ −
∫
M
Ric(grad f ,grad f )dμ.
The desired result is now proved for smooth functions ϕ ∈ C∞c (M). The extension to ϕ ∈ H2(M) ∩ L∞comp(M) is straightfor-
ward. 
Remark 2. Observe that without lower bound on the Ricci curvature one cannot estimate the L4-norm of the gradient of
smooth test functions u by the L2-norms of the Laplacian of u and the function u itself. This is another difference to the
euclidean case (3.1), which makes the general case somewhat more complicated.
The following theorem constitutes the core of the hyperbolic approach. The ﬁnite speed of propagation property of
solutions of many wave equations can effectively be used in a localization of the problem. This fact was noticed by Chernoff
in [5]. The next theorem is in some sense an abstract version of his argument and was already applied in this form e.g.
in [13].
Theorem 3. Let (N,M, ν) be a σ -ﬁnite measure space on a locally compact space N and let (S,D(S)) be a selfadjoint operator in
L2(N, ν) which is semibounded from below. Assume that the set of functions in D(S) with compact support is dense in L2(N, ν) and
that for every v ∈ D(S) with compact support the solution u(t) = cos(t√S)v to the abstract wave equation
d2u
dt2
(t) = −Su(t), u(0) = v (3.3)
has compact support, then the restriction of S to the class D(S)comp of functions in D(S)with compact support is essentially selfadjoint.
For convenience of the reader we give Chernoff’s proof (see [5]) in slightly altered form so that it ﬁts to our situation.
Proof. Let Sˆ denote the restriction of S to D(S)comp . The operator Sˆ is essentially selfadjoint, if the deﬁciency indices
γ±( Sˆ) := dimKer( Sˆ∗ ∓ i) satisfy γ±( Sˆ) = 0 (see Chapter 10.1 in [25]).
Suppose there is a ψ ∈ D( Sˆ∗) such that Sˆ∗ψ = −iψ and deﬁne g(t) = (u(t),ψ)L2(N,ν) = (cos(t
√
S) f ,ψ)L2(N,ν) for any
f ∈ D(S)comp . Then g is uniformly bounded because cos(t
√
S) is unitary and
d2g
dt2
= −(S cos(t√S) f ,ψ)L2(N,ν) = −(Sˆ cos(t√S) f ,ψ)L2(N,ν) = −(cos(t√S) f , Sˆ∗ψ)L2(N,ν) = ig(t).
Hence, there are a,b ∈ C such that g(t) = aez0t + be−z0t , where z0 satisﬁes z20 = i. Since z0 is not purely imaginary this
contradicts the uniform boundedness of g if a,b = 0. So g = 0 and in particular g(0) = ( f ,ψ)L2(N,ν) = 0. As the func-
tions f ∈ D(S)comp are dense in L2(N, ν), we must have ψ ≡ 0 and therefore γ−( Sˆ) = 0. The same argument applies to
γ+( Sˆ) = 0. 
The next lemma is known (see [5] for related results). A very interesting approach allowing to establish ﬁnite propagation
for rather general wave equations is presented in [6]. In this work the authors prove in a very general Dirichlet form setting
that the property of ﬁnite propagation speed for the wave equation is equivalent to the so called Davies’ bounds for the
parabolic equation. Their results can also be used in order to deduce the following lemma.
Lemma3. Let A ∈ Γ (T ∗M) be a bounded smooth 1-form and let V ∈ C∞(M) be a smooth potential, which is semibounded from below.
Let H(A, V ) denote the Friedrichs extension of H˜(A, V ). Then for all open sets Ωi (i = 1,2) and ui ∈ L2(M,μ) with supp(ui) ⊂ Ωi
(i = 1,2) we have(
cos
(
t
√
H(A, V )
)
u1,u2
)
L2(M,μ) = 0
whenever 0 < t < dist(Ω1,Ω2) = R.
Now let for some constant c ∈ R the potentials Vn, V ∈ L2loc(M) satisfy Vn, V > c. Exactly as in Lemma 5 of [15] one
shows that An → A in L2 (T ∗M) and Vn → V in L2 (M) imply that the operators H(An, Vn) converge to H(A, V ) in theloc loc
R. Grummt, M. Kolb / J. Math. Anal. Appl. 388 (2012) 480–489 485strong resolvent sense. An application of Lemma 3 together with the just mentioned approximation result allows us to
conclude that for every A ∈ L2loc(T ∗M) and every W ∈ L2loc(M) which is semibounded from below(
cos
(
t
√
H(A,W )
)
u, v
)
L2(M) = 0 (3.4)
if u, v ∈ L2(M,μ) with t < dist(supp(u), supp(v)). In the next lemma we remove the restriction that the potential is semi-
bounded from below. We will see that not semiboundedness of the potential but semiboundedness of the operator matters.
Lemma 4. Let H(A, V ) be as in Theorem 1. For every u ∈ L2(M) with compact support in Br(o) we have
∀v ∈ {w ∈ L2(M) ∣∣ w  Br+t(o) = 0 a.e.}: (cos(t√H(A, V ))u, v)L2(M) = 0.
Proof. Recall that q[A, V ] is assumed to be non-negative. Now, consider the sequence (qn,D(qn)) of closed non-negative
quadratic forms given by qn = q[A, V+ − min(V−,n)] with D(qn) = D(q[A, V+ − min(V−,n)]) = D(q[A, V+]). By mono-
tone form convergence one concludes that the sequence of operators H(A, Vn) = H(A, V+ − min(V−,n)) converges to the
operator H , which is associated to the regular part qr of the quadratic form q (see [22]) given by
q(ϕ) = inf
n
q
[
A, V+ −min(V−,n)
]
(ϕ), D(q) = D(q[A, V+])
in strong resolvent sense. Recall that the regular part qr of a quadratic form q is by deﬁnition the largest closable quadratic
form which is smaller than q. Thus it is enough to show that in our case q is actually closable and that the closure of q
coincides with the closure of q[A, V ]  C∞c (M). For every u ∈ D(q[A, V+]) there is a sequence (ϕn)n∈N ⊂ C∞c (M) such that
ϕn → u as n → ∞ with respect to the norm
√
q[A, V+](·) + ‖ · ‖2L2(M) . By assumption we have
∀n ∈ N:
∫
M
∣∣(d − i A)ϕn∣∣2 dμ +
∫
M
V+|ϕn|2 dμ −
∫
M
V−|ϕn|2 dμ 0.
Thus
∀n ∈ N:
∫
M
∣∣(d − i A)ϕn∣∣2 dμ +
∫
M
V+|ϕn|2 dμ
∫
M
V−|ϕn|2 dμ
and therefore
limsup
n∈N
∫
M
V−|ϕn|2 dμ < ∞.
This implies that q[A, V ](ϕn − u) + ‖ϕn − u‖2L2(M) → 0 as n → ∞. The form domain D(q) is therefore contained in
C∞c (M)q[A,V ] . Thus q is closable and its closure coincides with the closure of q[A, V ]  C∞c (M). Hence we get H(A, Vn) →
H(A, V ) with Vn = V+ − min(V−,n) in the strong resolvent sense. And since the Vn are semibounded from below, we
conclude that Eq. (3.4) holds with H(A,W ) replaced by H(A, V ). 
This gives us directly the following assertion
Corollary 1. Let A and V be as in Theorem 1 then the subspace Dcomp consisting of all compactly supported functions in the domain
D(H(A, V )) of H(A, V ) forms an operator core for H(A, V ).
Remark 4. The above approach to the localization of the problem is also applicable to operators of Schrödinger type acting
on more general vector bundles. We will apply this approach to the setting considered in [1] in a subsequent project.
For the proof of Theorem 1 it is essential to show that bounded compactly supported functions form an operator core.
This will be achieved in the Lemma 5 below. For r > 0 let Hr(A, V ) denote the operator H(A, V ) in the ball Br(o) with
Dirichlet boundary condition, i.e. Hr(A, V ) is generated by the closure of qr[A, V ] of the quadratic form q[A, V ]  C∞c (Br(o)).
The domain D(qr[A, V ]) of the form qr[A, V ] is of course contained in D(q[A, V ]). Observe that for u ∈ D(H(A, V )) with
support contained in Br(o) we also have u ∈ D(Hr(A, V )) and Hr(A, V )u = H(A, V )u. On the other hand if u ∈ D(Hr(A, V ))
with supp(u) ⊂ Br(o) we also have u ∈ D(H(A, V )) with H(A, V )u = Hr(A, V )u. We further set for some ﬁxed T > 0
C = {ϕe−tHR+3(A,V )u ∣∣ 0 < t < T , u ∈ D(H(A, V ))with supp(u) ⊂ BR for some
R > 0, ϕ ∈ C∞c
(
BR+2(o)
)
, 0 ϕ  1, ϕ  BR = 1
}
.
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Proof. We already know that the class of functions in D(H(A, V )) with compact support form an operator core. Thus it
is enough to prove that every u ∈ D(H(A, V )) having compact support in the ball BR(o) of radius R with center o can
be approximated by bounded compactly supported functions with respect to the graph norm. Let ϕ ∈ C∞c (M) be a smooth
function with 0  ϕ  1, ϕ(x) = 1 for d(x,o) < R + 1 and ϕ(x) = 0 for d(x,o) > R + 2. By the diamagnetic inequality we
have for every f ∈ L2(BR+3) the domination property |e−tHR+3(A,V ) f | e−tHR+3(0,V )| f |. By the Feynman–Kac Formula and
the condition V ∈ Kloc(M) one concludes that the semigroup e−tHR+3(0,V ) consists of integral operators with integral kernels
p(t, x, y) satisfying supx,y∈BR+3(o) p(t, x, y) c(t) < ∞. In order to see this just recall that for f ∈ L2(M,μ)
e−tHR+3(0,V ) f (x) = Ex
[
e−
∫ t
0 V (Xs)ds f (Xt), t < τBR+3(o)
]
,
where the expectation is with respect to Brownian motion on M killed by exiting BR+3(o). Now we can use the assump-
tion V− ∈ Kloc(M) and the results in [7] (in particular Theorem 2.21 and Corollary 3.6 in [7]) in order to conclude that
e−tHR+3(0,V ) has a bounded integral kernel given by
p(t, x, y) = Et,y0,x
[
e−
∫ t
0 V (Xs)ds, t < τBR+3(o)
]
,
where Et,y0,x denotes expectation with respect to the unnormalized Brownian bridge measure and τBR+3(o) = inf{t > 0 |
d(o, Xt) R+3} the ﬁrst exit time from the ball BR+3(o). This property gives exactly as in the euclidean case e−tHR+3(0,V )u ∈
L∞loc(M). For ψt = ϕe−tHR+3(A,V )u = ϕut ∈ L∞(M) we get
L2 − lim
t→0ψt = ϕu = u
and ( ∫
M
∣∣H(A, V )(ψt − u)∣∣2 dμ
) 1
2
=
( ∫
M
∣∣H(A, V )(ψt − ϕu)∣∣2 dμ
) 1
2
=
( ∫
M
∣∣ϕHR+3(A, V )(ut − u) − 2i〈dA(ut − u),dϕ〉− (ut − u)ϕ∣∣2 dμ
) 1
2

∥∥ϕHR+3(A, V )(ut − u)∥∥L2(BR+3(o)) + 2
( ∫
BR+3(o)
∣∣〈dA(ut − u),dϕ〉∣∣2 dμ
) 1
2
+ ∥∥(ut − u)ϕ∥∥L2(BR+3(o))

∥∥HR+3(A, V )(ut − u)∥∥L2(BR+3(o)) + c1∥∥(d − i A)(ut − u)∥∥L2(BR+3(o)) + c2‖ut − u‖L2(BR+3(o)).
All summands on the right-hand side converge to 0 as t → 0. To see that for the ﬁrst summand, notice that due to the
spectral theorem∥∥HR+3(A, V )(ut − u)∥∥L2(BR+3(o)) = ∥∥HR+3(A, V )(e−tHR+3(A,V )u − u)∥∥L2(BR+3(o))
=
( ∫
σ (HR+3(A,V ))
λ2
(
e−tλ − 1)2 d‖Eλu‖2
)1/2
,
where (Eλ)λ denotes the spectral resolution of HR+3(A, V ). Using the theorem of dominated convergence, one can show
that ‖HR+3(A, V )(ut − u)‖L2(BR+3(o)) converges to 0 as t → 0. To see that ‖(d− i A)(ut − u)‖L2(BR+3(o)) converges to 0, notice
that ∥∥(d − i A)(ut − u)∥∥2L2(BR+3(o)) = qR+3[A,0](ut − u)
= qR+3[A, V ](ut − u) −
∫
BR+3(o)
V |ut − u|2 dμ
 qR+3[A, V ](ut − u) +
∫
B (o)
V−|ut − u|2 dμ,
R+3
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Kato-class potentials are inﬁnitesimally −-form bounded [7, p. 57], i.e. for every ε > 0 there is bε > 0 such that for all
w ∈ H20(BR+3(o))
‖√V−w‖L2(BR+3(o))  ε‖gradw‖L2(BR+3(o)) + bε‖w‖L2(BR+3(o)).
By the quadratic form version of the diamagnetic inequality (see Chapter 2.3 of [21]) this gives for every w ∈ H10(BR+3(o))
‖√V−w‖L2(BR+3(o))  ε∥∥(d − i A)w∥∥L2(BR+3(o)) + bε‖w‖L2(BR+3(o)).
Hence, ∫
BR+3(o)
V−|ut − u|2 dμ εqR+3[A,0](ut − u) + bε‖ut − u‖2L2(BR+3(o))
 εqR+3[A, V+](ut − u) + bε‖ut − u‖2L2(BR+3(o)) (3.5)
and this implies∥∥(d − i A)(ut − u)∥∥2L2(BR+3(o))  qR+3[A, V ](ut − u) + εqR+3[A, V+](ut − u) + bε‖ut − u‖2L2(BR+3(o)).
With the help of Eq. (3.5) we also ﬁnd that
qR+3[A, V ](ut − u) = qR+3[A, V+](ut − u) −
∫
BR+3(o)
V−|ut − u|2 dμ
 (1− ε)qR+3[A, V+](ut − u) − bε‖ut − u‖2L2(BR+3(o)),
which shows∥∥(d − i A)(ut − u)∥∥2L2(BR+3(o))  11− εqR+3[A, V ](ut − u) + bε1− ε ‖ut − u‖2L2(BR+3(o)).
By the spectral theorem and dominated convergence, we conclude that ‖(d − i A)(ut − u)‖L2(BR+3(o)) tends to 0 as t → 0.
Putting everything together we see that
lim
t→0
( ∫
M
∣∣H(A, V )(ψt − u)∣∣2 dμ
) 1
2
= 0.
This ﬁnishes the proof. 
The Gagliardo–Nirenberg inequality allows us to deduce some regularity properties of functions f belonging to C . First
observe that exactly as in Lemma 8 of [15] one deduces
Lemma 6. Let Ω ⊂ M be a bounded open set and let c > 0. There exists a constant b > 0 such that for all u ∈ H2(M) ∩ L∞(M) with
supp(u) ⊂⊂ Ω and all vector potentials A ∈ M(M) satisfying the conditions of Theorem 1 and ‖d∗A‖L2(Ω,μ) + ‖|A|2‖L2(Ω,μ)  c
the inequality
‖u‖L2(M) 
∥∥H(A, V )u∥∥L2(M) + b‖u‖L∞
holds true.
This gives
Lemma 7. Let A and V be as in Theorem 1. Then we have
C ⊂ H2(M) ∩ L∞comp(M).
In particular grad f ∈ L4(M) for every f ∈ C .
Proof. Our proof is a modiﬁcation of the proof of Lemma 9 in [15]. Let u ∈ D(H(A, V )) with supp(u) ⊂ BR(o) and let
(An)n∈N be a sequence of smooth 1-forms such that∫
B (o)
|An − A|4 dμ +
∫
B (o)
∣∣d∗An − d∗A∣∣2 dμ → 0
R+3 R+3
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follows from the Feynman–Kac–Itô representation of the semigroup e−tHR+3(A,V )). Set un = e−tHR+3(An,V )u.
The assumption V− ∈ Kloc(M) implies (see proof of Lemma 5) that there exists a C > 0 such that for all w ∈ C∞c (BR+3(o))
and every n ∈ N∥∥(d − i An)w∥∥2L2(BR+3(o)) + ‖w‖2L2(BR+3(o))  C(∥∥(d − i An)w∥∥2L2(BR+3(o)) + ‖w‖2L2(BR+3(o)) − ‖√V−w‖2L2(BR+3(o))).
In particular, there is a constant C˜ such that for all n ∈ N
∥∥(d − i An)un∥∥2L2(BR+3(o)) + ‖un‖2L2(BR+3(o))  C˜
(∥∥(d − i An)un∥∥2L2(BR+3(o)) + ‖un‖2L2(BR+3(o)) +
∫
BR+3(o)
V |un|2 dμ
)
.
This gives∥∥(d − i An)un∥∥2L2(BR+3(o)) + ‖un‖2L2(BR+3(o))  C˜(HR+3(An, V )un,un)L2(BR+3(o))
 C˜
∥∥HR+3(An, V )un∥∥L2(BR+3(o))‖un‖L2(BR+3(o)),
which implies
‖un‖L2(BR+3(o))  C
∥∥HR+3(An, V )un∥∥L2(BR+3(o))
and ∥∥(d − i An)un∥∥L2(BR+3(o))  C∥∥HR+3(An, V )un∥∥L2(BR+3(o)).
Now, set vn = ϕun with ϕ as in the deﬁnition of the set C . Then vn ∈ D(HR+3(An, V )) ∩ L∞ and in particular
HR+3(An, V )vn ∈ L2(BR+3(o)). Hence due to V vn ∈ L2(BR+3(o)),∥∥−HR+3(An,0)vn∥∥L2(BR+3(o)) = ∥∥HR+3(An, V )vn − V vn∥∥L2(BR+3(o)) < ∞.
Observing that V vn ∈ L2 general results concerning elliptic regularity (see [10] or [11]) then imply that vn ∈ H2(M). This
allows us to apply Lemma 6, which shows that there is a constant c > 0 such that
‖vn‖L2(BR+3(o)) 
∥∥HR+3(An, V )vn∥∥L2(BR+3(o)) + c‖vn‖L∞(BR+3(o)).
Since in weak sense
HR+3(An, V )vn = ϕHR+3(An, V )un − 2〈dun − i Anun,dϕ〉 − unϕ
(this can be proved exactly as Lemma 5 in [15]), we see that there are constants c1, c2, c3,a,b > 0 such that
‖vn‖L2(BR+3(o))  c1
∥∥HR+3(An, V )un∥∥L2(BR+3(o)) + c2∥∥(d − i An)un∥∥L2(BR+3(o)) + c3‖un‖L∞(BR+3(o))
 a + b∥∥e−tHR+3(0,V )|u|∥∥L∞(BR+3(o)),
where the diamagnetic inequality∣∣e−tHR+3(An,V )u∣∣ e−tHR+3(0,V )|u|
and the spectral theorem were used in the last step to show that there is an n independent upper bound. Observe
that – as used already above – the operator e−tHR+3(0,V ) is ultracontractive due to the assumption V− ∈ Kloc(M). Hence
e−tHR+3(0,V )u ∈ L∞(BR+3(o)).
The unit ball in the Hilbert space L2(BR+3(o)) is weakly compact. Thus, there exists a weakly convergent subsequence of
(vn)n∈N . Since vn → ϕe−tHR+3(A,V )u in L2(BR+3(o)) we conclude that ϕe−tHR+3(A,V )u ∈ H2(M). Thereby we also conclude
that grad f ∈ L4(M) for every f ∈ C using Lemma 2. 
Now we can easily complete the proof of Theorem 1.
Proof of Theorem 1. We have already shown that the set D(H(A, V ))∩ L∞comp(M) builds an operator core for H(A, V ). Thus
it remains to show that every function f ∈ D(H(A, V )) ∩ L∞comp(M) can be approximated by smooth functions ϕn ∈ C∞c (M)
with respect to the operator norm. By Lemma 6 we conclude that  f ∈ L2(M) and consequently by Lemma 2 grad f ∈
L4(TM). Let ( fn)n∈N be the sequence obtained from f by Friedrichs molliﬁcation. Since the support of f is a compact
subset of M the Friedrichs molliﬁers can be constructed in the standard way in local coordinates. Then we have fn ∈ C∞c (U )
for any n ∈ N and some bounded open set U ⊂ M , fn → f in L∞(M) and
lim
∥∥grad( f − fn)∥∥L4(TM) and lim ∥∥( fn − f )∥∥L2(M) = 0.n→∞ n→∞
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
∥∥( f − fn)∥∥L2(M) + 2∥∥〈A, ( f − fn)〉∥∥L2(M) + ∥∥(id∗A + |A|2 + V )( f − fn)∥∥L2(M)

∥∥( f − fn)∥∥L2(M) + 2∥∥|A|∥∥L4(U )∥∥grad( f − fn)∥∥L4(TU ) + ∥∥(id∗A + |A|2 + V )∥∥L2(U )‖ f − fn‖L∞ → 0
as n → ∞. 
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